We study pattern formation induced by a spiral wave developing from heterogeneities in an excitable medium. Turbulence can be suppressed by a spiral wave from the heterogeneity, forming multiple coexistent systems of regular geometrical patterns. We find that the types of these patterns depend critically on the degree of heterogeneity. The underlying mechanism is due to dispersion relation which is characterized by excitability.
Introduction
Pattern formation in nonlinear systems has been investigated in a wide range of fields including fluids, plasma physics, material science, biomedicine, etc. [1] [2] [3] [4] [5] . Controlling and manipulating patterns in such complex systems is of considerable interest, especially in the development of methods to control two-and three-dimensional spiral waves in spatially excitable media [6] [7] [8] [9] . This interest has been motivated mostly by the spontaneous appearance of re-entrant spiral waves in heart muscle, a known and major cause of ventricular tachycardia (VT) [10, 11] . These spiral waves can degenerate into a chaotic state filled with multiple incoherent wavelets which seem to cause ventricular fibrillation [9, 12, 13] .
Because real media are often inhomogeneous, we are particularly interested in how heterogeneities affect wave propagation [14] [15] [16] [17] [18] [19] [20] [21] . Heterogeneities can break a plane wave into spiral waves, or block it [15] [16] [17] [18] . Once a spiral wave is trapped by an obstacle, it is difficult to de-pin it [22, 23] . But heterogeneities are not necessarily undesirable or harmful. Tusscher and Panfilov [24] found that increasing the proportion of randomly distributed nonexcitable cells can prevent spiral waves from breaking into complex spatiotemporal patterns. Recently, Pumir et al. [8] developed a new way to control chaos in the heart by emitting waves from heterogeneities in terms of electric field. The role of heterogeneities on wave propagation therefore deserves further investigation, especially from the standpoint of utilizing existent heterogeneities as advantages to implement control strategies. In addition to low-excitability local inhomogeneities (or anatomical defects) [8, [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] 29] , there may also exist more excitable local inhomogeneities in realistic, complex media. It may be possible to use these types of heterogeneities to control wave behaviour. On the other hand, controlling spirals and turbulences by generating waves is already effective and has been widely investigated [8, [25] [26] [27] [28] [29] . Aranson et al. [25] suggested developing a spiral wave with local feedback injection. Zhang et al. [28] suppressed spiral waves and spatiotemporal chaos by generating target waves in excitable media. By generating target waves with a localized stimulus, a pinned spiral can be removed [29] .
Model
Given the two aspects mentioned above, we will control turbulence by developing spiral waves from heterogeneities in excitable media. We considered a system in which a disk-shaped inhomogeneity with high excitability was surrounded by region filled with turbulence. Numerical simulations were conducted with the Bär model, i.e. a modified Fitzhugh-Nagumo model:
Here, and are the activator and the inhibitor variables, respectively; The spatial kinetic parameter ε( ) is the ratio of their temporal scales and characterizes the excitability of the medium. We fixed = 0 84 and = 0 07 to ensure that the system is in an excitable medium. ε( 
Results and discussion
We developed a spiral in the zone R < R as an initial condition surrounded by turbulence in zone R > R (see fig. 1a ). We fixed ε = 0 02 and increased ε to investigate the propagation of a wave emitted from the zone R < R . When ε < 0 043, the spiral in the zone R < R can grow gradually and invade the turbulence.
With time, the turbulence can be successfully suppressed by a single spiral. An example is shown in fig. 1a -c. Although the medium is inhomogeneous, the developed spiral continuously crosses the zone R < R ≤ R with different excitability. From the changing of period at grid point (280 254) with ε = 0 04 in fig. 1d , it can be seen that the zone with low excitability is forced to support a spiral with the same period as that in the high excitable zone (ε = 0 02).
We increased the value of ε , i.e., the excitability is decreased in the region R > R . From fig. 2a -b, it can be seen that the surrounding turbulence can be suppressed no longer. From the evolution of period in fig. 2c , we see that the period fluctuates in the zone R > R corresponding to a chaotic state. It is clear that the value of period with ε = 0 05 is larger than that with ε = 0 02, indicating two different dynamic regimes.
Further increasing ε (ε > 0 057), we observed an interesting phenomenon. The turbulence is suppressed by wave from the heterogeneity again. The suppression is effected by a target wave, not by a spiral wave from the center as when ε < 0 043. From fig. 3a -d, one can see that the spiral can no longer grow in the edge of heterogeneity, and consequently breaks up. But a new target wave is excited from the edge and propagates into the zone dominated by turbulence. Then, the medium is occupied by a target wave surrounding a central rotating spiral. From fig. 3e , we find that the period of the point (490 254) is relaxed after a short time transient. Because the target wave is not an extension of the central spiral, the organized target wave period is greater than that of the central spiral.
When ε is increased beyond about 0 0838, the turbulence can no longer be dominated by the central wave.
In fig. 4a , we summarize the distribution of patterns depending on the values of ε when ε = 0 02 is fixed. Four dynamical regimes characterized by the patterns in the zone R > R are observed: spiral wave, turbulence, target wave, and turbulence.
The mechanism underlying the formation of these patterns can be rationalized as follows. The dispersion relation in excitable media exhibits a maximum temporal frequency at each ε, above which no periodic wave train solutions exist [19, 20, [30] [31] [32] . So long as is below , the medium supports propagation of waves with frequency . In fig. 4b , we show the plotted value of and frequencies of spiral depending on ε in homogeneous media. In this model, can be obtained from fig. 4b [31, 32] . Since the heterogeneity with higher excitability supports waves with higher frequency (as is clear in fig. 4b ), it is obvious that the waves from the heterogeneity maybe propagate into other regions acting as a source [34] . For example, = 0 35 at ε = 0 02 is bigger than = 0 26 at ε = 0 04. However, when the central propagating spiral reaches the edge of a heterogeneity, the subsequent behavior is determined by the excitability ε . If exceeds the frequency of the coming spiral for a particular value of ε , e.g. = 0 36 for ε = 0 04, the spiral will develop into the whole medium because the two necessary conditions fig. 4b , we find that the regime ε < 0 043 fulfils the condition. This is consistent with the value in simulation. Thus, the frequency of spiral in the zone R > R is forced to be the same as that of the source spiral. For example (see the arrow line in fig. 4b ), the frequency of forced spiral in the region R > R at ε = 0 04 is not 0 263 (characterized by excitability) but 0 35 (frequency of the central spiral). Thus, it is easy to understand the first dynamical regime in fig. 4a . When the value of ε is increased across the threshold value 0 043, the frequency of the source spiral from heterogeneity exceeds the maximum characterized by ε in the zone R > R . In other words, the condition > is no longer satisfied even though > . Then, the spiral breaks up in the edge of the heterogeneity and cannot grow into the whole medium. Consequently, the spiral's propagation is blocked and insulated by the wavebreak region, which induces two dynamical regions in the medium with different frequencies. That is, the surrounding turbulence is not influenced by the source spiral. From fig. 4a , one can see the second dynamical regime. Increasing ε further decreases excitability in the zone R < R ≤ R , which make the breakup region in this zone wider and wider. The breakup of the source single spiral wave in the edge reorganizes and then forms new recovery waves [19, 20] . Those newly formed waves have mean frequency depending on the width of recovery region. When mean frequency of new waves in the zones R < R ≤ R is sufficiently larger than the frequency of turbulence in the zone R > R , that is > , a new wave is emitted into the turbulence. Due to isotropic propagation of the newly formed wave, a target wave out of the edge of heterogeneity develops and grows into the medium. We then see coexistence of spiral and surrounding target waves with independent frequency. As ε is increased beyond some threshold value, the recovery wave cannot propagate out since its mean frequency exceeds the small characterized by large ε in the zone R > R .
Then, we change the initial condition to show different patterns and confirm our arguments. Firstly, a single spiral is developed in a homogenous medium with ε = 0 02. Secondly, the medium is changed to be inhomogeneous as described above (three dynamical spatial zones are created). In fig. 5a , we show the initial condition of single spiral. Within the first dynamical regime ε < 0 043, we find the spiral to be consecutive with identical frequency (see fig. 5g ) in the different dynamical spatial zones (see fig. 5b ). In the second regime (0 043 < ε < 0 057), we find that the single spiral breaks up in the edge of heterogeneity (please see fig. 5c ). Due to the insulation breakup region, the outside part of spiral evolves into another spiral with different frequency (see fig. 5c,d ). The coexistence of multiple spiral waves with independent frequencies (see fig. 5h is in accord with arguments about coexistence of spiral and turbulence in fig. 2a,b . With increasing the ε further (0 057 < ε < 0 0838), we find that the spiral is surrounded by a target wave with different frequency again (see fig. 5e ,f) with independent frequency (see fig. 5i ). Turbulence will occur when ε is increased above 0 0838. Thus, the simulation with different initial condition confirms our arguments. 
Conclusion
In realistic cardiac tissues, heterogeneities are diverse and complicated, giving rise to the coexistence of different patterns. For example, coexistence of multiple spiral waves with independent frequencies in a heterogeneous excitable medium has been observed in experiment [13] and simulations [19, 20] . In our simulated heterogeneous excitable medium, we have observed several interesting combinations of coexistent patterns including multiple spirals with independent frequencies, spiral surrounded by target wave with independent frequencies, and coexistence of spiral and turbulence. We hope that those coexistences will be observed in experiments such as the BZ reaction or realistic cardiac tissue. To summarize, we studied patterns induced by spiral wave developing from heterogeneity in excitable medium. Turbulence surrounding the heterogeneity can be successfully suppressed by spiral waves from heterogeneity, leading to the coexistence of different geometrical regular patterns including a single spiral with identical frequency, and a spiral wave surrounded by target wave with independent frequency. Patterns arising from different initial conditions agree with our expectations. The types of patterns formed depends critically on the degree of heterogeneity, which has been illustrated in a phase diagram. We attributed the underlying mechanism to the dynamics behavior determined by a dispersion relation.
